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We evaluate the sums of certain classes of series involving the Riemann zeta
function by using the theory of the double gamma function, which has recently
been revived in the study of determinants of Laplacians. Relevant connections with
various known results are also pointed out. Q 1997 Academic Press
1. INTRODUCTION AND DEFINITIONS
w xThe double gamma function was defined and studied by Barnes 2]4
and others in about 1900, not appearing in the tables of the most
well-known special functions, but cited in the exercise by Whittaker and
w xWatson 24, p. 264 . Recently, this function has been revived in the study
 w x. w xof determinants of Laplacians see 6, 20, 22, 23 . Shintani 15 also used
this function to prove the classical Kronecker limit formula. Its p-adic
w xanalytic extension appeared in a formula of Cassou-Nogues 5 for theÁ
p-adic L functions at the point 0.
Before Barnes, these functions had been introduced in a different form
 . w x w x w xby for example Holder 10 , Alexeiewsky 1 , and Kinkelin 13 .È
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w xBarnes 2 defined the double gamma function G s 1rG satisfying each2
of the following properties:
 .  .  .  .a G z q 1 s G z G z , for any complex number z;
 .  .b G 1 s 1;
 .c As n ª `,
n q 1 q z
log G z q n q 2 s log 2p .  .
2
2 2n 5 z
q q n q q q n q 1 z log n .
2 12 2
3 z 2 1 1
y y n 1 q z y log A q q O , 1.1 .  . /4 12 n
where G is the well-known gamma function
` zy1 g z yz r kG z q 1 s e 1 q e , 1.2 4 .  .  /kks1
 .and A is called Glaisher's or Kinkelin's constant defined by
n2 n 1 n2
1 2 nlog A s lim log 1 ? 2 ??? n y q q log n q , 1.3 .  . 5 /2 2 12 4nª`
the numerical value of A being 1.282427130 ??? .
From this definition, Barnes deduced
y1
G z q 1 s G z q 1 4 .  .2
` kz2 2zr2 y1r2. w1qg . z qz x yzqz r2 ks 2p e 1 q e , 1.4 .  .  /kks1
where g denotes the Euler]Mascheroni constant given by
1 1
g s lim 1 q q ??? q y log n ( 0.577215664 . . . . 1.5 . /2 nnª`
w xIt is also known that 2
1 1
1r2 1r24 y1r4 1r8 y3r2G s p and G s 2 ? p ? e ? A . 1.6 . /  /2 2
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 .  . The Riemann zeta function z s is defined, when Re s ) 1, by see
w x w x.Titchmarsh 19 and Ivic 11Â
` `1 1 1
z s s s . 1.7 .  .  ss ysn 1 y 2 2n y 1 .ns1 ns1
Indeed it is meromorphic everywhere in the complex s-plane except for
 .a simple pole at s s 1 with residue 1 .
w xIn 7 we used the theory of the double gamma function to evaluate
some series involving the zeta function, but we missed considering a new
class of such series there. So, in this paper, we aim at evaluating the new
class of series associated with the zeta function by using the theory of the
double gamma function. We also evaluate the sums of two series involving
the zeta function from the direct use of the definition of the double
gamma function; one of these results was already proved and the other is
presumably new.
 .  . The generalized or Hurwitz's zeta function z s, a is defined by see
w x.14, p. 22
` 1
z s, a s , Re s ) 1, a / 0, y1, y2, . . . . 1.8 .  .  . s
n q a .ns0
 .  .Like the zeta function z s , the generalized zeta function z s, a is
meromorphic everywhere in the complex s-plane except for a simple pole
 .at s s 1 with residue 1 .
 .  .It is easy to see that z s, 1 s z s and
my1 1
z s, m q 1 s z s y m s 1, 2, 3, . . . . 1.9 .  .  .  . s
1 q k .ks0
The c-function is defined as the logarithmic derivative of the simple
gamma function, i.e.,
zG9 z .
c z s or log G z s c t dt , 1.10 .  .  .  .H
G z . 1
which is often called the digamma function.
 .  .The Psi or digamma function c z is also meromorphic with simple
poles at
z s 0, y1, y2, . . . .
 .In terms of the Euler]Mascheroni constant g given by 1.5 , we have




c z q n s c z q n s 1, 2, 3, . . . , 1.12 .  .  .  . z q k y 1ks1
it is readily seen that
ny1 1
c n s yg q n s 1, 2, 3, . . . , 1.13 .  .  . kks1
 .it being understood as usual that an empty sum is nil.
2. SERIES INVOLVING THE ZETA FUNCTION
 .Taking logarithms on both sides of 1.4 with the Maclaurin series
 .  wof log 1 q x leads to the following identity cf. Srivastava 17, p. 13,
 .x.Eq. 5.2 :
` 2z k z z .k kq1y1 z s 1 y log 2p q 1 q g q log G z q 1 , .  .  .  . k q 1 2 2ks2
2.1 .
< <  .  .  .  .where z - 1. Letting z ª 1 in 2.1 and noting that G 2 s G 1 G 1 s 1,
we obtain
` z k g 1 .ky1 s 1 q y log 2p , 2.2 .  .  . k q 1 2 2ks2
w xwhich was proved by Suryanarayana 18 , and again by Singh and Verma
w x16, p. 3, Sect. 4 .
 .  .  .If we set z s 1r2 in 2.1 and make use of 1.6 and G 1 q z s
 .  .G z G z , we get
` z k g 5 .k yky1 2 s 1 q y log 2 y 3 log A. 2.3 .  . k q 1 4 12ks2
 .  .Setting z s t q a y 1 in Eqs. 1.2 and 1.4 and taking the logarithmic
derivatives of the resulting equations, we find that
`G9 t q a 1 1 .
s yg y y  /G t q a t q a y 1 q k k . ks1
G9 t q a 1 1 .
s q log 2p y a y t .
G t q a 2 2 .
2.4 .
` 1 1
y t q a y 1 g q y . .  5 /t q a y 1 q k kks1
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 .Combining the two formulas in Eq. 2.4 , we see that
G9 t q a 1 1 G9 t q a .  .
s q log 2p y a y t q t q a y 1 . 2.5 .  .  .
G t q a 2 2 G t q a .  .
 .Integrating both sides of Eq. 2.5 from t s 0 to t s z, we have
z 21 1 z
log G t q a dt s q log 2p y a z y .  .H  52 2 20
q z q a y 1 log G z q a y log G z q a .  .  .
q 1 y a log G a q log G a . 2.6 .  .  .  .
 .Setting a s 1 in Eq. 2.6 , we obtain
z 21 z
log G t q 1 dt s log 2p y 1 z y q z log G z q 1 .  .  .H 2 20
y log G z q 1 , 2.7 .  .
which is usually called Alexeiewsky's theorem.
 .Setting z s 1 in Eq. 2.7 , we get
11
log G 1 q t dt s log 2p y 1. 2.8 .  .  .H 20
 .  .Setting z s 1r2 in Eq. 2.7 and applying 1.6 , we obtain
1 7 1 31r2
log G t q 1 dt s y y log 2 q log p q log A , 2.9 .  .H 2 24 4 20
since
G z q 1 s G z G z and G z q 1 s zG z . .  .  .  .  .
 w xThe following formula is well known see Srivastava 17, p. 18 ;
w x wWhittaker and Watson 24, p. 276 ; Gradshteyn and Ryzhik 9, p. 1074,
x.Entry 9. 532 :
` ktk < < < <y1 z k , a s log G a q t y log G a y tc a t - a . .  .  .  .  .  . kks2
2.10 .
 .Replacing t by yt in 2.10 yields
` kt
< < < <z k , a s log G a y t y log G a q tc a t - a . .  .  .  .  . kks2
2.11 .
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 .  .Adding Eqs. 2.10 and 2.11 , we obtain
` 2 kt
z 2k , a s log G a q t q log G a y t y 2 log G a .  .  .  . kks1
< < < <t - a . 2.12 .  .
 .  .Subtracting Eq. 2.10 from Eq. 2.11 , we have
` 2 kq1t 1
z 2k q 1, a s log G a y t y log G a q t 4 .  .  . 2k q 1 2ks1
< < < <q tc a t - a . 2.13 .  .  .
 .Integrating both sides of 2.10 from t s 0 to t s z and making use of
 .2.6 , we get
` z k , a .k kq1y1 z . k k q 1 .ks2
1 1
s q log 2p y a y log G a z .  . 52 2
z 2
y 1 q c a 4 .
2
q z q a y 1 log G a q z y log G a q z .  .  .
< < < <q 1 y a log G a q log G a , z - a . 2.14 .  .  .  .
 .  .Setting a s 1 in 2.14 and noting that c 1 s yg , we find that
` 2z k z z .k kq1y1 z s log 2p y 1 q g y 1 4 .  .  . k k q 1 2 2 .ks2
< <qz log G 1 q z y log G 1 q z , z - 1. .  .
2.15 .
 .Taking the limit as z ª 1 in 2.15 yields
` z k g 1 .ky1 s y1 q q log 2p . 2.16 .  .  . k k q 1 2 2 .ks2
Since
1 1 1
s y , 2.17 .
k k q 1 k k q 1 .
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 .  .an immediate consequence of the formulas 2.2 and 2.16 is the classical
 w x w  .x.result see Jordan 12, p. 62 and Erdelyi et al. 8, p. 45, Eq. 1.17 3 :Â
` z k .ky1 s g . 2.18 .  . kks2
 .  .Setting z s 1r2 in 2.15 and applying 1.6 , we have
` z k g 7 1 .k yky1 2 s y1 q y log 2 q log p q 3 log A. . k k q 1 4 12 2 .ks2
2.19 .
w xIt should be remarked here that Srivastava 17 obtained the following
 .results analogous to 2.19 :
` z k g 1 .k yky1 2 s q log p y log 2, 2.20 .  . k 2 2ks2
` z k g 1 . yk2 s y q log p . 2.21 . k 2 2ks2
 .  .  .Applying the identity 2.17 in 2.19 and using 2.20 , we obtain
` z k g 5 .k yky1 2 s 1 q y log 2 y 3 log A. 2.22 .  . k q 1 4 12ks2
 .Setting z s y1r2 in 2.15 , we find that
` z k g 7 1 . yk2 s y q log 2 q log p y 3 log A. 2.23 . k k q 1 4 12 2 .ks2
 .  .Similarly, by combining 2.21 and 2.23 , we have
` z k g 7 . yk2 s y y log 2 q 3 log A. 2.24 . k q 1 4 12ks2
 .  .If we set a s 2 in 2.14 and make use of 1.13 , we have
` z k y 1 .k kq1y1 z . k k q 1 .ks2
z z 2
s log 2p y 3 q g y 2 4 .  .
2 2
q z q 1 log G z q 2 y log G z q 2 , .  .  .
< <z - 2. 2.25 .
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 .  w  .Setting z s "1 in 2.25 yields cf. Srivastava 17, p. 16, Eq. 6.3 with
x.l s 0 and m s 1
` z k y 1 5 g 5 1 .ky1 s y q q log 2 q log p 2.26 .  . k k q 1 2 2 2 2 .ks2
 w  . x.and cf. Srivastava 17, p. 16, Eq. 6.2 with l s 0 and m s 1
` z k y 1 1 g 1 .
s y y q log 2p . 2.27 .  . k k q 1 2 2 2 .ks2
 w  .x.Recall the following identity see Verma and Kaur 21, p. 182, Eq. 1
` z k y 1 .
s g y 1 q log 2, 2.28 . kks2
 .which can easily be seen to be equivalent to 2.18 .
 .  .Similarly, by combining 2.26 and 2.28 , we obtain
` z k y 1 3 g 3 1 .ky1 s q y log 2 y log p , 2.29 .  . k q 1 2 2 2 2ks2
 .  w x .which is equivalent to the result 2.2 . See also Srivastava 17, p. 14 .
 .Setting z s "1r2 in 2.25 yields
` z k y 1 9 g .k yk y43r12 3y1 2 s y q q log 2 ? 3 .  . k k q 1 4 4 .ks2
1
q log p q 3 log A , 2.30 .
2
` z k y 1 3 g 19 . yk2 s y y q log 2 y 3 log A. 2.31 . k k q 1 4 4 12 .ks2
 .On the other hand, setting z s "3r2 in 2.25 yields
k` z k y 1 3 25 3 .k y91r36 5r3y1 s q g q log 2 ? 3 ? 5 .  .  /k k q 1 2 12 4 .ks2
1
q log p q log A , 2.32 .
2
k` z k y 1 3 1 3 19 1 .
s y g q log 2 q log p y log A. 2.33 .  /k k q 1 2 12 4 36 2 .ks2
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 .Taking the limit as z ª 2 in 2.25 , we obtain
` z k y 1 7 3 1 .k ky1 2 s y q g q log 6 q log p . 2.34 .  . k k q 1 2 2 2 .ks2
 .Integrating both sides of 2.12 from t s 0 to t s z, we obtain
` z 2k , a .
2 kq1z k 2k q 1 .ks1
z yz
s log G a q t dt y log G a q t dt y 2 z log G a .  .  .H H
0 0
s 1 y 2 a q log 2p y 2 log G a z 4 .  .
q z q a y 1 log G a q z .  .
G a y z .
q z y a q 1 log G a y z q log , .  .
G a q z .
< < < <z - a . 2.35 .
 .Setting a s 1 in 2.35 yields
` z 2k .
2 kq1z k 2k q 1 .ks1
s log 2p y 1 z q z log G 1 q z G 1 y z 4 .  .  .
G 1 y z .
< <qlog , z - 1. 2.36 .
G 1 q z .
 .Letting z s 1r2 in 2.36 , we readily obtain
` z 2k . y2 k2 s log p y 1, 2.37 . k 2k q 1 .ks1
w x  wwhich was proved by Wilton 25, p. 92 . See also Srivastava 17, p. 17,
 .x .Eq. 6.11 .
 w x.Recalling the following identities see 14, p. 2; 2, p. 279 :
p z
G 1 q z G 1 y z s 2.38 .  .  .
sin p z
and
z p t G 1 y z .
dt s z log 2p q log , 2.39 .  .H tan p t G 1 q z .0
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 .we find from 2.36 that
` zz 2k p z p t .
2 kq1 < <z s yz q z log q dt , z - 1. Hk 2k q 1 sin p z tan p t . 0ks1
2.40 .
 .  .Setting z s 1r2 in 2.40 and using 2.37 , we obtain
ppr2
t cot t dt s log 2. 2.41 .H 20
 .Setting a s 2 in 2.35 yields
` z 2k y 1 .
2 kq1z k 2k q 1 .ks1
s log 2p y 3 z q z q 1 log G 2 q z 4 .  .  .
G 2 y z .
q z y 1 log G 2 y z q log , .  .
G 2 q z .
< <z - 2. 2.42 .
 .Setting z s 1r2 in 2.42 yields
` z 2k y 1 . y2 k y2 32 s y3 q log 2 ? 3 q log p . 2.43 .  . k 2k q 1 .ks1
 .Setting z s 1 in 2.42 yields
` z 2k y 1 .
s y3 q 3 log 2 q log p , 2.44 . k 2k q 1 .ks1
w xwhich was also contained in Wilton's work 25 .
 .Letting z s 3r2 in 2.42 yields
2 k` z 2k y 1 3 . y2 5r3s y3 q log 2 ? 3 ? 5 q log p . 2.45 .  .  /k 2k q 1 2 .ks1
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 .  w xSetting z s 1r2 in 2.35 gives us Burnside's formula see Wilton 25 ;
w x w x.Erdelyi et al. 8 ; Magnus et al. 14, p. 12 :Â
` z 2k , a . y2 k2 k 2k q 1 .ks1
1
s log 2p q 2 a y 1 log a y y 1 .  .  5 /2
1
y2 log G a , Re a ) y , 2.46 .  .  .
2
 .which, for a s 1, would yield Wilton's formula 2.37 .
 .Integrating both sides of 2.13 from t s 0 to t s z, we obtain
` z 2k q 1, a .
2 kq2z k q 1 2k q 1 .  .ks1
s 1 q c a z 2 y z q a y 1 log G a q z 4 .  .  .
q z y a q 1 log G a y z q log G a q z G a y z .  .  .  .
< < < <q2 a y 1 log G a y 2 log G a , z - a . 2.47 .  .  .  .
 .Setting a s 1 in 2.47 yields
` z 2k q 1 .
2 kq2z k q 1 2k q 1 .  .ks1
G 1 y z .
2s 1 y g z q z log .
G 1 q z .
< <qlog G 1 q z G 1 y z , z - 1. 2.48 .  .  .
 .Letting z s 1r2 in 2.48 yields
` z 2k q 1 7 . y2 k2 s 2 y g q log 2 y 12 log A. 2.49 . k q 1 2k q 1 3 .  .ks1
 .Letting a s 2 in 2.47 yields
` z 2k q 1 y 1 .
2 kq2z k q 1 2k q 1 .  .ks1
s 2 y g z 2 y z q 1 log G 2 q z .  .  .
q z y 1 log G 2 y z .  .
< <qlog G 2 q z G 2 y z , z - 2. 2.50 .  .  .
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 .Setting z s 1, z s 1r2, and z s 3r2 in 2.50 yields the following
results:
` z 2k q 1 y 1 .
s 2 y g y 2 log 2, 2.51 . k q 1 2k q 1 .  .ks1
` z 2k q 1 y 1 . y2 k 31r3 y62 s 3 y g q log 2 ? 3 y 12 log A , . k q 1 2k q 1 .  .ks1
2.52 .
2 k` z 2k q 1 y 1 3 19 .
55r27 y2r3 y10r9s y g q log 2 ? 3 ? 5 .  /k q 1 2k q 1 2 9 .  .ks1
4
y log A. 2.53 .
3
w xWe now recall the following integral 7, p. 386 :
1
log G t q a dt s a log G a y log G a q 1 .  .  .H
0
a a y 1 a 1 e1r3 .
y q log 2p q log . 2.54 .  .8 /2 2 4 2p A
 .Letting a s 1 and a s 2 in 2.54 yields
1 11
log G t q 1 dt s q log 2p y 2 log A 2.55 .  .  .H 12 40
and
11 31
log G t q 2 dt s y q log 2p y 2 log A. 2.56 .  .  .H 12 40
Integration by parts readily yields
z
2 t q a y 1 log G t q a dt .  .H
0
z z 2
s z q a y 1 1 y 2 a q log 2p y .  . 2 2
q z q a y 1 log G z q a y log G z q a .  .  . 5
2y a y 1 log G a q a y 1 log G a .  .  .  .
2 3 zz z
y 1 y 2 a q log 2p q q log G t q a dt. 2.57 .  .  .H4 6 0
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 .Setting z s t in 2.14 and integrating both sides of the resulting
 .equation from t s 0 to t s z with the help of 2.57 , we obtain
` z k , a .k kq2y1 z . k k q 1 k q 2 .  .ks2
1 1 2s a y 1 log G a y a y 1 log G a .  .  .  .
2 2
1
q a y 1 1 y 2 a q log 2p .  . 4
q 1 y a log G a q log G a z .  .  . 5
z 2 z 3
q 5 y 8a q 3 log 2p y 4 log G a y 2 q c a 4  4 .  .  .
8 6
1 12q z q a y 1 log G z q a y z q a y 1 log G z q a .  .  .  .
2 2
z1
< < < <y log G t q a dt , z - a . 2.58 .  .H2 0
 .Setting a s 1 and a s 2 in 2.58 yields
` z k .k kq2y1 z . k k q 1 k q 2 .  .ks2
z 2 z 3 1
2s 3 log 2p y 3 q g y 2 q z log G 1 q z 4 .  .  .
8 6 2
z1 1
< <y z log G 1 q z y log G 1 q t dt , z - 1 2.59 .  .  .H2 2 0
and
` z k y 1 .k kq2y1 z . k k q 1 k q 2 .  .ks2
z z 2 z 3
s log 2p y 3 q 3 log 2p y 11 q g y 3 4  4 .  .  .
4 8 6
1 12q z q 1 log G 2 q z y z q 1 log G 2 q z .  .  .  .
2 2
z1
< <y log G 2 q t dt , z - 2. 2.60 .  .H2 0
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 .  .  .Taking the limit as z ª 1 in 2.59 and 2.60 and making use of 2.55
 .and 2.56 , we have
` z k 3 g 1 .ky1 s y q q log 2p q log A 2.61 .  .  . k k q 1 k q 2 4 6 4 .  .ks2
and
` z k y 1 13 g 9 1 .ky1 s y q q log 2 q log p q log A. . k k q 1 k q 2 6 6 4 4 .  .ks2
2.62 .
In view of the identity:
1 1 1 1
s y , 5k k q 1 k q 2 2 k k q 1 k q 1 k q 2 .  .  .  .  .
 .  .  .  .if we combine 2.61 and 2.62 with 2.16 and 2.26 , respectively, we shall
obtain
` z k 1 g .ky1 s q y 2 log A 2.63 .  . k q 1 k q 2 2 6 .  .ks2
and
` z k y 1 11 g .ky1 s q y 2 log 2 A . 2.64 .  .  . k q 1 k q 2 6 6 .  .ks2
 .Setting z s t in 2.35 and integrating both sides of the resulting
 .equation from t s 0 to t s z with the help of 2.57 , we obtain
` z 2k , a .
2 kq2z k k q 1 2k q 1 .  .ks1
s 1 y 2 a q log 2p y 2 log G a z 2 4 .  .
z
q 2 t q a y 1 log G a q t dt .  .H
0
yz
q 2 t q a y 1 log G a q t dt .  .H
0
z yz
y 2 log G a q t dt y 2 log G a q t dt .  .H H
0 0
2s 2 a y 1 log G a y 2 a y 1 log G a .  .  .  .
z 2
q 5 y 8a q 3 log 2p y 4 log G a 4 .  .
2
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2 2q z q a y 1 log G a q z q z y a q 1 log G a y z .  .  .  .
y z q a y 1 log G a q z q z y a q 1 log G a y z .  .  .  .
z yz
< < < <y log G a q t dt y log G a q t dt , z - a . 2.65 .  .  .H H
0 0
 .Letting a s 2 in 2.65 yields
` z 2k y 1 .
2 kq2z k k q 1 2k q 1 .  .ks1
z 2 2s 3 log 2p y 11 q z q 1 log G 2 q z 4 .  .  .
2
2q z y 1 log G 2 y z y z q 1 log G 2 q z .  .  .  .
q z y 1 log G 2 y z .  .
z yz
< <y log G 2 q t dt y log G 2 q t dt , z - 2. 2.66 .  .  .H H
0 0
 .  .Setting z s 1 in 2.66 and making use of 2.8 , we obtain
` z 2k y 1 .
 k k q 1 2k q 1 .  .ks1
11 3 1
s y q log 2p q 4 log 2 y log G 1 q t dt .  .H2 2 0
9
s y q 5 log 2 q log p . 2.67 .
2
 .Setting z s t in 2.47 and integrating both sides of the resulting equation
 .from t s 0 to t s z with the help of 2.57 , we obtain
` z 2k q 1, a .
2 kq3z k 2k q 1 2k q 3 .  .ks1
z 3
s 1 q c a q 2 a y 1 log G a y 2 log G a z 4  4 .  .  .  .
3
z
y t q a y 1 log G a q t dt .  .H
0
yz
q t q a y 1 log G a q t dt .  .H
0
z yz




s 2 a y 1 log G a y 2 log G a q 1 y 2 a q log 2p z .  .  .  . 52
z 3
q 2 2 q c a 4 .
3
1 12y z q a y 1 log G a q z q z q a y 1 log G a q z .  .  .  .
2 2
1 12q z y a q 1 log G a y z q z y a q 1 log G a y z .  .  .  .
2 2
z yz1 1
< < < <q log G a q t dt y log G a q t dt , z - a . .  .H H2 20 0
2.68 .
 .Setting a s 2 in 2.68 yields
` z 2k q 1 y 1 .
2 kq3z k q 1 2k q 1 2k q 3 .  .  .ks1
z z 3
s 3 y log 2p q 3 y g 4 .  .
2 3
1 12y z q 1 log G 2 q z q z q 1 log G 2 q z .  .  .  .
2 2
1 12q z y 1 log G 2 y z q z y 1 log G 2 y z .  .  .  .
2 2
z yz1 1
< <q log G 2 q t dt y log G 2 q t dt , z - 2. .  .H H2 20 0
2.69 .
 .  .  .Letting z s 1 in 2.69 and making use of 2.55 and 2.56 , we have
` z 2k q 1 y 1 .
 k q 1 2k q 1 2k q 3 .  .  .ks1
5 g 1
s y y log 2p y 2 log 2 .
2 3 2
1 11 1
q log G 2 q t dt q log G 1 q t dt .  .H H2 20 0
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25 g
s y y 2 log 2 y 2 log A. 2.70 .
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